
Dynamic disk B-spline curves

Abstract
A disk B-spline curve (DBSC) is an extension of a
B-spline curve and is used to represent a 2D region.
DBSC is a useful 2D geometric representation and
is widely applied in the 2D art design area, such as
computer calligraphy, 2D computer animation, and
nonphotorealistic rendering. To enhance the flexibility
of DBSC, in this paper, we propose a physics-based
generalization of DBSC — dynamic DBSC (D-DBSC),
which extends the traditional DBSC in the time
domain. We give the mathematical expression of
D-DBSC and prove its several mathematical prop-
erties. We derive the motion equations of D-DBSC
based on Lagrangian mechanics and investigate the
motion equations when it is under linear geometric
constraints. Last, a D-DBSC physical simulation
system based on finite difference method is presented.
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1 Introduction

The disk B-spline curve (DBSC) was first proposed in
2005[1]. As a 2D geometric modeling method, DB-
SC has many attractive properties. Currently, DBSC
is widely used in 2D computer animation, painting and
other related art areas such as Chinese calligraphy. Cur-
rent research approaches related to DBSC have all fo-
cused on the static form of DBSC. However, the static
form of DBSC still encounters several drawbacks:

• In 2D geometric design area. Designers adjust
the shape of a DBSC by manipulating its control
disks. In general, this indirect method is a time-
consuming task for obtaining the expected result.

• In 2D animation generation area. Animators need
to create a DBSC for physics-based animation,
such as a DBSC deforming under an external force.
In this case, animators have to manually change the
shape of DBSC frame by frame to generate a real-
istic simulation. Sometimes, the key frame interpo-
lation technique can be helpful, but there is still an
enormous amount of work involved.

To overcome these drawbacks, in this paper, we pro-
pose a physics-based generalization of DBSC – dynam-
ic DBSC – which we name D-DBSC. A D-DBSC is an
extension of a DBSC in the time domain, and several
physical quantities are incorporated into D-DBSC, such
as mass, tension, rigidity, and external force distribution.
D-DBSC is based on Lagrangian mechanics; when there
is an applied external force, D-DBSC will deform under
physical laws.

The physics-based D-DBSC model has several impor-
tant advantages:

• The physics-based model obeys physical laws;
when an external force is applied, D-DBSC can de-
form under physical laws.

• By applying a proper external force on a DBSC, de-
signers can manipulate the shape of DBSC directly.
Because D-DBSC is physics-based, it will deform
as expected.

• Using D-DBSC, we can generate a natural and real-
istic physics-based animation. As a result, anima-
tors can create physics-based animations automat-
ically by choosing proper physical parameters and
an external force.

In this paper, we propose the concept of D-DBSC
and provide its mathematical expression. Based on La-
grangian mechanics, we derive motion equations of D-
DBSC. Last, a D-DBSC physical simulation system us-
ing the finite difference method is implemented, and sev-
eral results are demonstrated. We present several contri-
butions in this paper:

• The concept of D-DBSC and the mathematical ex-
pression of D-DBSC are proposed. Several mathe-
matical properties of D-DBSC are proved.

• We derive the motion equations of D-DBSC based
on Lagrangian mechanics, and investigate the mo-
tion equations when it is under linear geometric
constraints.

• A numerical implementation of D-DBSC based on
the finite difference method is presented.



2 Related work

Seah et al. proposed the concept of DBSC in 2005
[1]. DBSC is a skeleton-based 2D geometric model-
ing method, which is used to represent a 2D region with
varying radius. Besides DBSC, there are several other
related geometric modeling methods. In 1997, Peternel-
l and Pottmann proposed the canal surface which is a
envelope of a interpolated skeleton curve with varying
radius [2, 3], they further used a curve in R4 to represent
the 3D rational canal surface and investigated its math-
ematical properties [4]. In 2010, Kunkli and Hoffmann
investigated a similar problem, they proposed a G1 con-
tinuous surface to represent the skin of an ordered set of
discrete circles [5]. Lin and Rokne proposed disk Bézier
curves in 1998, unlike DBSC, they used a Bézier curve
to represent the skeleton [6]. Different from researches
mentioned above, DBSC uses a B-spline curve to repre-
sent the skeleton curve. Thus, nice mathematical prop-
erties of B-spline curve can be adopted into DBSC.

Since the establishment of DBSC theory, several im-
portant works about DBSC have been accomplished. In
2015, Zhang et al. proposed an extension algorithm for
DBSC with G2 continuity [7]. In 2018, Ao et al. pro-
posed a high-accuracy intersection algorithm for DBSC
[8]. However, until now, works related to DBSC have
all focused on the static form. As we mentioned above,
due to the drawbacks of the static DBSC, the ability and
flexibility of the DBSC geometric modeling method are
limited.

A gap still remains regarding the physics-based mod-
el of DBSC. Since D-DBSC is a physics-based model
and a DBSC can be regarded as an extension of B-spline
curves, we will review previous work related to B-spline
curve deformation modeling.

Terzopoulos et al. proposed elastically deformable
models in 1987, wherein they employed the theory of
elasticity and constructed differential equations to simu-
late the behavior of nonrigid curves, surfaces and solid-
s under an external force [9]. Celniker and Gossard
implemented a free-form design system based on the
finite element method of energy optimization in 1991
[10]. Bloor and Wilson developed related models and
used B-splines in their method in 1990 [11]. Celniker
and Welch investigated deformable B-splines with lin-
ear constraints in 1992 [12]. Thingvold and Cohen pro-
posed a deformable B-spline using a mass-spring model
in 1990 [13]. In 1994, Terzopoulos and Qin proposed a
physics-based generalization of NURBS curves and sur-
faces — dynamic NURBS (D-NURBS). The D-NURBS
model was derived systematically through the applica-
tion of Lagrangian mechanics and implemented using
the finite element method [14, 15, 16].

In our paper, D-DBSC adopts the method in the D-
NURBS model. We extend DBSC into a physics-based
model using Lagrangian mechanics. We simplify the

motion equations of D-DBSC using the properties of
D-DBSC and solve our physics-based model by imple-
menting the finite difference method (FDM).

Compared with B-spline and NURBS curves, devel-
oping the physics-based model of DBSC is more chal-
lenging. B-spline and NURBS curves possess a more
compact geometric form; however, DBSC have a more
complicated geometric form. The complicated geomet-
ric form makes it difficult to calculate some physical
quantities (such as second-order partial derivatives). To
solve this problem, we use a finite difference method to
approximate a physical quantity when it is difficult to
obtain an analytical solution. D-DBSC allows a con-
tinuous physical attribute distribution, such as the mass
distribution and damping distribution; thus, we need to
calculate the mass matrix, damping matrix, etc. Due to
the existence of control radii (see Subsection 3.1), the
dynamics of DBSC comprise a nonlinear system, and
thus, physical quantities, such as the mass matrix and
damping matrix, need to be recomputed at every time
step during simulation.

3 The formulation of D-DBSC

In this section, we will review the general geometric
representation of DBSC and give the formulation of D-
DBSC.

3.1 Geometric representation of DBSC

A disk is a circular area in 2D space, and we define a
disk 〈d; r〉 specifically as

〈d; r〉 ≡
{
x ∈ R2

∣∣∣ ‖x− d‖ ≤ r,d ∈ R2, r ∈ R+
}
(1)

A DBSC is a 2D region that can be considered as the
extension of a B-spline curve (see Figure 1). In a DBSC,
every control point di = (xi, yi) has a control radius ri,
and we call 〈di; ri〉 a control disk. Denoting Ni,p(u)
as the i-th B-spline basis function of degree p, we can
define a DBSC region as

s(u) =

〈
n∑
i=0

Ni,p(u)di;

n∑
i=0

Ni,p(u)ri

〉
(2)

Since Equation 2 is an implicit form, and is not suit-
able for analysis, we use an alternative geometric ex-
pression of DBSC in this paper. For convenience of writ-
ing, we use pi =

[
xi yi zi ri

]> to represent the i-th

control disk and specifically use p∗i =
[
xi yi zi

]> to
represent the position of the i-th control disk. We use
c(u) and r(u) to represent the parametric expression of
the skeleton curve and varying radii along that curve,
respectively. Additionally, we define the tangent vector



(a) The boundary (green) and
skeleton (white) of a DBSC

(b) The region (pink) of a DBSC

Figure 1: DBSC demonstrations

and normal vector along the skeleton curve of the DBSC
as T(u), and N(u). As a result, we have the following
symbols:

c(u) =
∑

p∗iNi,p(u)

r(u) =
∑

riNi,p(u)

T(u) =
c′(u)

‖c′(u)‖
N(u) =

[
−Ty Tx

]>
(3)

Then, the geometric expression of a DBSC can be de-
fined in an explicit form:

s(u, v) = c(u)− v2 r(u)r′(u)

‖c′(u)‖
T(u) + v r(u)

√
1−

(
vr′(u)

‖c′(u)‖

)2

N(u),

v ∈ [−1, 1]

(4)

where u and v represent parameters along the skeleton
curve and perpendicular to the skeleton curve, respec-
tively.

Equation 4 describes the relationship between the pa-
rameter pair (u, v) and the position of an arbitrary point
in the region of the DBSC. Using Equation 4, the geo-
metric properties of any point in DBSC can be analyzed.
In fact, Equation 2 and Equation 4 are not equivalent.
Geometrically, Equation 2 includes one more sector-like
area than Equation 4 at each end of DBSC. Since the de-
formation of two ends will follow the deformation of the
main body, we do not take the two ends of DBSC into
consideration and use Equation 4 as a general represen-
tation of DBSC.

3.2 The formulation of D-DBSC

The formulation of D-DBSC is based on several hy-
potheses:

• A deformable object can be represented with DB-
SC at every moment during deformation. We sup-
pose that the shape of a deformable object can be
represented with an element in DBSC space during
deformation.

• The knot vector and degree of B-spline basis func-
tions are fixed during deformation; these quantities

will not change over time. In our physics-based
model, we focus on the change of control disks dur-
ing deformation, so the knot vector and degree of
B-spline basis functions are not considered.

With these hypotheses, we can find that D-DBSC is de-
termined by all control disks. If we denote t as the time
parameter, we can use pi(t) to represent the i-th control
disk, and pi(t) possesses three attributes: xi(t), yi(t)
and ri(t). We can write all control disks in vector form,
denoted p(t), and we have

p(t) =
[
· · · xi(t) yi(t) ri(t) · · ·

]> (5)

p(t) is a function of time, and a DBSC is determined
with p(t). In Lagrangian mechanics, we call p(t) gen-
eralized coordinates. In Subsection 5.1, we will discuss
generalized coordinates in detail.

D-DBSC is a dynamic generalization of DBSC in the
time domain. Based on the geometric representation of
DBSC and the above hypotheses, a D-DBSC is fully de-
termined by generalized coordinates p(t); therefore, the
expression of D-DBSC is given as

s(u,v, t) = c(u, t)− v2 r(u, t)r
′(u, t)

‖c′(u, t)‖
T(u, t)+

v r(u, t)

√
1−

(
vr′(u, t)

‖c′(u, t)‖

)2

N(u, t), v ∈ [−1, 1]

(6)

4 Properties of D-DBSC

In this section, we will investigate the Jacobian matrix
and properties of D-DBSC; these properties will used
in subsequent sections for simplifying the motion equa-
tions of D-DBSC.

4.1 Jacobian matrix

The Jacobian matrix is a matrix of all first-order deriva-
tives of a vector-value function. The Jacobian matrix
between a D-DBSC s and its generalized coordinates p
describes their mathematical relationship.

We use p to represent the generalized coordinates of
a D-DBSC in vector form. If there are N control disks,
p will be a 3N × 1 vector.

p(t) =
[
· · · xi(t) yi(t) ri(t) · · ·

]> (7)

Additionally, the Jacobian matrix J of D-DBSC is a
2× 3N matrix:

J =

(
∂s

∂p

)>
=

[
· · · ∂sx

∂xi
∂sx
∂yi

∂sx
∂ri

· · ·
· · · ∂sy

∂xi

∂sy
∂yi

∂sy
∂ri

· · ·

]
(8)



where ∂s
∂p is an abbreviation of[

· · · ∂s
∂xi

∂s
∂yi

∂s
∂ri

· · ·
]>

(9)

Note that we will use similar notations in subsequent
sections.

4.2 Propositions of D-DBSC

Using the D-DBSC geometric representation in Equa-
tion 6, we can prove some important properties of D-
DBSC. Now, we will prove the correctness of some i-
dentities, and these equations will be useful in subse-
quent sections.

Proposition 1.

s = Jp (10)

where s is the position of an arbitrary point in D-DBSC,
J is a Jacobian matrix, and p are generalized coordi-
nates.

Proof. First we prove s(p) is a homogeneous function:
A function f : Rn → Rm is said to be homogeneous of
degree k if f(λx) = λkf(x) for any scalar λ.

From Equation 3 and Equation 6, we have

s(λp) = λc− v2 (λr)(λr′)

‖λc′‖
T + v(λr)

√
1−

(
v(λr′)

‖λc′‖

)2

N

= λ

c− v2 rr
′

‖c′‖
T + vr

√
1−

(
vr′

‖c′‖

)2

N


= λ s(p)

(11)

Since s(p) is a homogeneous function of degree 1,
then, according to Euler’s homogeneous function the-
orem [17], Equation 10 is proved:

Jp =

[∑ ∂sx
∂xi

xi +
∑ ∂sx

∂yi
yi +

∑ ∂sx
∂ri
ri∑ ∂sy

∂xi
xi +

∑ ∂sy
∂yi
yi +

∑ ∂sy
∂ri
ri

]
= s (12)

Equation 10 shows that the position of an arbitrary
point in D-DBSC can be represented by the Jacobian
matrix J and generalized coordinates p.

Proposition 2.

ṡ = Jṗ (13)

ṡ and ṗ are derivatives of s and p, respectively, with
respect to time t.

Proof. With the chain rule of derivatives,

ṡ =

(
∂s

∂p

)>
ṗ = Jṗ

Equation 13 shows that the velocity of an arbitrary
point in D-DBSC can be represented by the Jacobian
matrix J and the velocity of generalized coordinates p.

Proposition 3.

J̇p = 0 (14)

J̇ is the derivative of Jacobian matrix J with respect to
time t.

Proof. With Equation 10 and Equation 13, we have

ṡ = J̇p + Jṗ ṡ = Jṗ

Therefore, Equation 14 is proved.

Equation 14 is an important equation of D-DBSC,
which will be used to simplify the discretized motion
equations of D-DBSC in Subsection 6.2.

5 Dynamics of D-DBSC

In this section, we will introduce Lagrangian equation-
s to D-DBSC and derive motion equations of D-DBSC.
Then, we will investigate D-DBSC under linear geomet-
ric constraints and provide the corresponding motion e-
quations of D-DBSC.

5.1 Lagrangian mechanics

D-DBSC is based on the work-energy version of La-
grangian equations. In Lagrangian mechanics, a phys-
ical system is determined by a set of parameters called
generalized coordinates. We denote generalized coor-
dinates as p and their derivatives with time t as ṗ; we
have

p =
[
· · · pi(t) · · ·

]>
, ṗ =

[
· · · ṗi(t) · · ·

]>
In a physical system, if we define the kinetic energy, po-
tential energy and Raleigh dissipation energy as T , U ,
and D, respectively, and denote the generalized exter-
nal force exerted on generalized coordinate pi as fi, then
we can express the work-energy version of Lagrangian
equations [18, 19, Section 1,2] as

d

dt

∂T

∂ṗi
− ∂T

∂pi
+
∂D

∂ṗi
+
∂U

∂pi
= fi (15)

where T , U , and D are functions of generalized coor-
dinates p or their derivatives ṗ, and fi are functions of
time t. We can also express Equation 15 in matrix form
as

d

dt

∂T

∂ṗ
− ∂T

∂p
+
∂D

∂ṗ
+
∂U

∂p
= fp (16)

where ∂T
∂ṗ =

[
· · · ∂T

∂ṗi
· · ·
]>

, fp =
[
· · · fi · · ·

]>,
and other terms are similar.



5.2 Motion equations of D-DBSC

The motion equations of D-DBSC are based on La-
grangian equations Equation 16. From the geometric
representation of D-DBSC, we can find that when the
knot vector and the degree of the basis function are
fixed, a D-DBSC system is determined by control disks.
Therefore, a D-DBSC system with N control disks pos-
sesses 3N generalized coordinates, and we use p to rep-
resent the generalized coordinates of D-DBSC in vector
form:

p(t) =
[
· · · xi(t) yi(t) ri(t) · · ·

]>
In addition, with the geometric representation of D-

DBSC (Equation 6), we can determine every term in E-
quation 16.

For a D-DBSC, we use µ(u, v) and M(p) to repre-
sent its mass density distribution and mass matrix, re-
spectively, and the kinetic energy T can be expressed as

T =
1

2

∫∫
µṡ>ṡdudv =

1

2
ṗ>Mṗ

With Equation 10 and Equation 14, we can obtain the
expression of mass matrix M(p):

M =

∫∫
µJ>Jdudv

Similarly, we use γ(u, v) and D(p) to represent the
damping density distribution and damping matrix, re-
spectively, and the dissipation energy D can be ex-
pressed as

D =
1

2

∫∫
γṡ>ṡdudv =

1

2
ṗ>Dṗ

The damping matrix D(p) is

D =

∫∫
γJ>Jdudv

For calculating the potential energy of D-DBSC, we
adopt the energy model proposed in [20]. We use
α(u, u), β(u, v) and K(p) to represent the local tension
function, rigidity function and stiffness matrix, respec-
tively, and using this energy model, the potential energy
of D-DBSC can be expressed as

U =
1

2

∫∫ (
α1,1

∂s>

∂u

∂s

∂u
+ α2,2

∂s>

∂v

∂s

∂v
+ β1,1

∂2s>

∂u2

∂2s

∂u2
+ β1,2

∂2s>

∂u∂v

∂2s

∂u∂v
+

β2,2
∂2s>

∂v2

∂2s

∂v2

)
dudv =

1

2
p
>
Kp

With Equation 10 and Equation 14, the expression of
stiffness matrix K(p) is

K(p) =

∫∫
(α1,1J

>
u Ju + α2,2J

>
v Jv + β1,1J

>
uuJuu+

β1,2J
>
uvJuv + β2,2J

>
vvJvv)dudv

(17)

where the subscripts of J indicate the partial derivatives.
The generalized external force fp can be obtained

through the principle of virtual work [18]. We denote
the external distribution force as f(u, v, t), and the gen-
eralized external force of D-DBSC can be expressed as

fp =

∫∫
J>f(u, v, t)dudv

Therefore, in a D-DBSC system, Equation 16 can be
expressed as

Mp̈ + Ṁṗ− 1

2
ṗ>

∂M

∂p
ṗ + Dṗ + Kp +

1

2
p>

∂K

∂p
p = fp

(18)

According to the properties of the Jacobian matrix,
Equation 18 can be simplified (see [14]), and the simpli-
fied motion equations of D-DBSC are given by

Mp̈ + Dṗ + Kp = fp − Iṗ (19)

where
I =

∫∫
µJ>J̇dudv

5.3 Linear geometric constraints

Applying linear geometric constraints on a physical sys-
tem is useful for geometric design and animation gen-
eration. Linear geometric constraints can be expressed
generally as

C(p) = Ap + b = 0

If there are M independent linear constraints, A will be
anM ×N coefficient matrix. Moreover, we can express
generalized coordinates p as

p = Gq + q0

where G is an N × (N −M) matrix, q0 is a constant
vector, and q represents new lower-dimensional gener-
alized coordinates, which can be computed by Gaussian
elimination or other methods.

For new generalized coordinates q, we can express
the motion equations of D-DBSC with linear geometric
constraints as

Mqq̈ + Dqq̇ + Kqq = fq + gq − Iqq̇ (20)

where

Mq = G>MG, Dq = G>DG, Kq = G>KG

fq =

∫∫
L>f(u, v, t)dudv, gq = −G>Kq0, Iq = G>IG

and L = JG is the new Jacobian matrix of s with re-
spect to q. The detailed proof of Equation 20 can be
found in [14].



6 Numerical implementation

The complicated geometric form of D-DBSC makes it
difficult to calculate some physical quantities in its im-
plementation such as the stiffness matrix. To solve this
problem, we use a finite difference method (FDM) to
approximate a physical quantity when it is difficult to
obtain an analytical solution. The FDM is a numeri-
cal method used to solve differential equations by the
finite difference approximation. In the FDM, a continu-
um is approximated by a finite set of nodes ; given that
a function’s derivatives in the geometric domain can be
approximated by finite differences of function values at
nodes, differential equations can be converted into lin-
ear algebraic equations by using the FDM. Additionally,
our research focuses on the deformation of the body of
D-DBSC, and the two ends of the D-DBSC are not in-
cluded when calculating the deformation . The two ends
will be added naturally according to the shape of the D-
DBSC after deformation.

6.1 Calculation of the stiffness matrix

Since the expression of stiffness matrix K (Equation 17)
is complicated. To avoid the cost of deriving the analyti-
cal solutions of Ju,Jv,Juv,Juu, and Jvv, we use a finite
difference method to approximate these variables. For
the internal nodes, the central difference approximation
is used:

Ju(u, v) =
J(u + ∆u, v)− J(u−∆u, v)

2∆u

Jv(u, v) =
J(u, v + ∆v)− J(u, v −∆v)

2∆v

Juu(u, v) =
J(u + ∆u, v)− 2J(u, v) + J(u−∆u, v)

∆u2

Juv(u, v) =
J(u + ∆u, v + ∆v)− J(u−∆u, v)− J(u, v −∆v) + J(u, v −∆v)

4∆u∆v

Jvv(u, v) =
J(u, v + ∆v)− 2J(u, v) + J(u, v −∆v)

∆v2

(21)

Similarly, for nodes on the boundary, the for-
ward/backward difference is used for the approximation.

6.2 Time integration

Considering that Equation 19 is a second-order partial
difference equation that has no an analytical solution, in
our implementation, we discretize time t and use p to
approximate ṗ and p̈ using the finite difference method
in Equation 19 so that we can obtain a numerical solu-
tion. Given some specified physical parameters, Equa-
tion 19 can be a stiff system; in this case, the explicit
time integration is not stable. Therefore, we use an im-
plicit Euler method to ensure the stability:

p̈ =
p(t+∆t) − 2p(t) + p(t−∆t)

∆t2

ṗ =
p(t+∆t) − p(t−∆t)

2∆t

Using Equation 14, we can derive the discretized form
of Equation 19:

(
4M + 2∆tD + 4 (∆t)2 K

)
p(t+∆t) =

4 (∆t)2 fp + 8Mp(t) − (3M− 2∆tD)p(t−∆t) −
∫∫

µJ>s(t−∆t)dudv

(22)

The detailed derivation of Equation 22 can be found
in [21]. In Equation 22, matrices without a superscript
should be evaluated at time t+∆t, and for simplicity, the
value of the matrix at time t + ∆t can be approximated
using its value at time t, for example:

M(t+∆t) = M(t) + ∆tṀ = 2M(t) −M(t−∆t)

A simpler approximation M(t+∆t) = M(t) is also ac-
ceptable according to [22, Section 8.6].

Similarly, we can derive discretized motion equation-
s of D-DBSC with geometric constraints using Equa-
tion 20: (

4Mq + 2∆tDq + 4 (∆t)2 Kq

)
q(t+∆t) =

4(∆t)2(fq + gq) + 8Mqq
(t) − (3Mq − 2∆tDq)q

(t−∆t) −G>Mq0−∫∫
µL>s(t−∆t)dudv

(23)

Given some specified physical parameters, Equa-
tion 19 can be a nonstiff system, in which case an ex-
plicit time integration method can be used to simplify
Equation 22 and Equation 23; see [14] for more details.

7 Experiments and analysis

In this section, we will demonstrate several experiments
on D-DBSC, aiming to analyze the deformation of D-
DBSC with different physical parameters and under dif-
ferent geometric constraints. Last, we will demonstrate
several D-DBSC applications.

7.1 Geometric constraints on control radii

When the control radii of a D-DBSC are not restrict-
ed, the control radii change during deformation. Some-
times, varying radii can distort the shape of D-DBSC.
To avoid this issue, geometric constraints can be applied
on the control radii.

Here, two D-DBSC experiments with the same ex-
perimental configurations are performed (see Table 1)
except for the radii constraint. In these experiments, D-
DBSC is restricted with a two-end-fixed geometric con-
straint, and a uniform distributed force f is applied. We
assign a uniform value to the other physical parameters
for simplicity.

The result of Experiment 1 is shown in Figure 2(a).
As time evolves, D-DBSC deforms under the influence
of the external force, and the two ends remain fixed.



Table 1: Experimental configurations

Experiment 1 Experiment 2
Geometric Two ends fixed Two ends fixedconstraints
Constant No Yescontrol radii

µ 30 30
γ 10 10
α 40 40
β 10 10

∆t 0.008 0.008
f [0 − 105 0]> [0 − 105 0]>

This experimental phenomenon is consistent with our
expectation.

From the result of Experiment 1, we can observe that
the control radii of D-DBSC change over time. Such
changes can be problematic when D-DBSC is used for
designing art because we expect D-DBSC to retain its
original shape features in some art design application-
s. Therefore, to maintain the original shape features of
D-DBSC, geometric constraints can be applied on the
control radii.

In Experiment 2, we restrict the control radii to be
constants, keeping them invariant over time, while the
other experimental parameters are kept the same as those
in Experiment 1. The result of Experiment 2 is shown
in Figure 2(b). From the experimental result, we can
observe that the original shape features are preserved.

(a) Varying radii

(b) Constant radii

Figure 2: Deformation of a two-end-fixed D-DBSC with
different radii constraints. A gravity-like force
is applied to D-DBSC. The green curve is the
boundary of D-DBSC, and red circles are con-
trol disks.

7.2 Tension and rigidity

The tension function α and rigidity function β describe
the local physical properties of D-DBSC. By changing
the values and distribution of α and β, we can simulate
objects made of different materials. Now, we will ana-
lyze the effects of different tension and rigidity values.

Figure 3 shows the simulation of drawing a bow. A

right-to-left force is applied at the center of the bow-
string, while the ends of the bowstring are fixed. From
the simulation result, we find that a larger tension makes
the bowstring ”tighter”.

Figure 4 shows the deformation of a metal pole under
an external force. The external force is top-to-bottom
and is applied at the ends of the metal pole. The center
of the pole is fixed. The simulation result shows that
a higher rigidity makes the metal pole more difficult to
deform.

(a) Initial state (b) 1× α0 (c) 2× α0 (d) 10× α0

Figure 3: Drawing a bow under different tension condi-
tions. α0 is a base value.

(a) Initial state (b) 1× β0 (c) 10× β0 (d) 100× β0

Figure 4: Bending a metal pole under different rigidity
conditions. β0 is a base value.

7.3 D-DBSC application demonstration

Figure 5 shows a helical band that deforms under an ex-
ternal force. One end of this band is fixed, and a nonuni-
form force is applied on the band along the normal di-
rection. The shape of the band gradually changes from
a helix to a straight line. Due to the tension of the band,
we can observe that the length of the band shortens over
time.

Figure 5: A helical band with an applied normal direc-
tion external force

Figure 6 shows an application of D-DBSC in comput-
er animation. In Figure 6, a carrying pole is bent under a
burden. The center of the pole is fixed, and a downward
external force is applied at the ends of the pole. The
deformation of the carrying pole is simulated using a D-
DBSC, and the position of the person and the burden are
adjusted by the animators.



(a) 1st frame (b) 2nd frame (c) 3rd frame (d) 4th frame

Figure 6: A carrying pole is bent under a burden

Figure 7, Figure 8 and Figure 9 simulate a wind scene,
in which objects are waving in the wind. The leaves of
the tree, human hair and horse hair are fixed on one end,
and a rightward external force is applied on them. All
objects in Figure 7, Figure 8 and Figure 9 are represent-
ed using D-DBSC. In Figure 7 and Figure 8, the geo-
metric models of the tree and human are designed using
a computer, and in Figure 9, the geometric model of the
horse is hand-painted by artists.

Figure 7: Wind blowing a palm tree’s leaves

Figure 8: Human hair waving in the wind

8 Conclusion

We propose a physics-based generalization of DBSC —
D-DBSC, which extends the traditional DBSC represen-
tation to time domain and can describe DBSC deforma-
tion under physical laws over time. By regarding every
physics quantity as a function of time, we give the for-
mulation of D-DBSC, which provides a theory founda-
tion for the analysis of D-DBSC. Based on Lagrangian
mechanics and the properties of D-DBSC, we derive the
motion equations of D-DBSC, and investigate D-DBSC
with linear geometric constraints. At last, we implement
our D-DBSC theory using the finite difference method
and analyze several D-DBSC experiments.

Experimental results show that D-DBSC can realisti-
cally describe the deformation of DBSC under physical
laws, while our method can be easily implemented and
can obtain sufficient accuracy for entertainment applica-
tions. Experiments show that D-DBSC is useful in many
areas, for example, 2D dynamic geometric modeling, art
design, computer calligraphy, and physics-based anima-
tions.

(a) 1st frame (b) 3rd frame

(c) 5th frame (d) 7th frame

Figure 9: Wind blowing a horse’s hair

Moreover, D-DBSC possesses a solid theoretical
foundation and provides a foundation for future relat-
ed research. Since D-DBSC significantly enhances the
DBSC geometric modeling method, in the foreseeable
future, D-DBSC will be a useful 2D dynamic geometric
modeling method.
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